Novel integral floating three-dimensional (3D) display methods are proposed for implementing an augmented reality (AR) system. The 3D display for AR requires a long-range focus depth and a see-though property. A system that adopts a concave lens instead of a convex lens is proposed for realizing the integral floating system with a long working distance using a reduced pixel pitch of the elemental image. An investigation that reveals that the location of the central depth plane is restricted by the pixel pitch of the display device is presented. An optical see-through system using a convex half mirror is also proposed for providing 3D images with a proper accommodation response. The concepts of the proposed methods are explained and the validity of system is proved by the experimental results.
Introduction
With developments in computer science, AR has recently become an actively researched field [1] . The purpose of AR is to create an experience in which additional information is mixed with the five human senses. The display device used in AR systems should have the capability to overlay an artificial image onto a real world scene in order to present an AR to the human visual sense. A number of display devices have been proposed for providing AR functionality for human vision. Head-mounted display (HMD) has been investigated since the early stages of AR research and it can be categorized into video see-through and optical see-through types [2] . Optical see-through HMD has a relatively shorter history than the video see-through type and some unresolved issues related to the optical see-through HMD still remain. One of these is the accommodation mismatch between the virtual image and the real-world scene that arises because the gap between the real-world scene and the virtual image is usually so large that the human visual system (HVS) cannot accommodate them both. The other issue is the demand to display 3D images of the overlaid virtual information. Liu et al. proposed an HMD system that adopts a liquid lens for dynamically changing the optical distance of the virtual image [3] . Though their report showed that the accommodation response was successfully addressed, their system cannot display 3D images. The recent super multi-view (SMV) theory provides a way to display 3D images with an accommodation response corresponding to the intended distance. Takaki et al. presented an optical see-through system that satisfies the SMV condition of providing a distant 3D image with a precise accommodation response [4] . Though their system successfully provides 3D images with proper accommodation cues, the implementation of SMV has an inherent difficulty in that it demands an excessive number of rays per lateral 3D image pixel. As seen from many reports related to SMV, the SMV system is usually implemented in the form of a highly complicated system with a large volume in order to make use of time or spatial multiplexing [5] . Hence, the SMV feature is not adequate for HMD adoption. The implementation of HMD providing 3D images of an appropriate accommodation cue still remains to be investigated.
Integral imaging (InIm), which was first proposed by Lippmann in 1908, is a 3D display method that provides full-parallax autosteroscopic images with relatively simple optics [6, 7] . There are two types of implementation-called the real/virtual mode and the focused mode, respectively-according to the gap between the elemental image and the lenslet array. In order to emphasize the advantageous features of each method, they are sometimes also called "resolution-priority InIm" and "depth-priority InIm" [8] . In general, the real/virtual mode implementation of InIm is thought to be able to express a 3D image around the central depth plane, where the focal planes of each lenslet of the lenslet array are superposed, regardless of location [9] . One might expect that the optical see-through HMD without issues described above can be realized using the virtual mode InIm if the longitudinal range of the 3D image is not too large. However, general observations from experiments related to the real/virtual mode InIm show that the central depth plane location is restricted to a certain range, which means that a displayed 3D image cannot go farther than a certain distance.
In this article, we propose an integral floating system with a concave floating lens that can be applied for HMD with a 3D image satisfying an accommodation response based on the principle of the virtual mode InIm. As investigated in Section 2, the pixel pitch of a display panel that is adopted for the system is mainly related to the upper bound of the distance of the central depth plane from the lenslet array when the system is the virtual mode InIm. The use of a concave floating lens effectively reduces the pixel pitch of the display panel and extends the expressible range of the 3D image. We analyze the characteristics of the proposed system and verify them by experimental results. To impose a seethrough characteristic on the proposed scheme, we present a system adopting a convex half mirror. The AR system can be successfully implemented using the proposed convex half mirror, which has the same optical property as the concave lens.
Limitations in a Long Distance Integral Image
The final goal of this study is to design an integral floating system with a see-through characteristic in the form of HMD for the purpose of AR, as shown in Fig. 1 . Instead of a concave mirror, which is equivalent to the convex floating lens of the conventional integral floating system, the proposed scheme adopts a convex mirror as a floating optic. This configuration can be interpreted as an effective InIm system with various parameters changed (see Fig. 2 ). A detailed explanation will be provided in Section 3. As described before, a significant problem of the HMD-type AR system is that there is usually a large difference between the accommodation cues of the real-world scene and the virtual image. In this section, the limitations in long distance imaging by the InIm method and their relationship to the system specifications are investigated in terms of three different constraints: the lateral pixel pitch of the integrated image should satisfy a given angular resolution requirement, Eq. (2); the minimum resolvable depth around the central depth plane should be smaller than the depth discrimination of the HVS, Eq. (8); and the central depth plane should be located inside the available voxels, Eq. (10). The result of this investigation will be used in designing the proposed system to address the appropriate accommodation response from the displayed integrated images corresponding to a given real-world scene.
As discussed in [10] , the resolution (or pixel pitch) of the display device used for implementation of the InIm system is a fundamental resource for three important visual quality factors: the lateral resolution, The integrated image is provided to the observer through the optical path specified as the "optical path of integrated image." The integrated image appears as a virtual image behind the convex half mirror; therefore, the perceived optical path is a dashed arrow specified as the "hypothetical optical path of integrated image." viewing angle, and marginal depth, of a displayed 3D image. In other words, the visual quality of a displayed 3D image is limited by the pixel pitch of the display device adopted for the InIm system. Under a given pixel pitch, it is only possible to balance the quality factors; one quality factor can be enhanced by degrading other factors. The viewing angle of most InIm systems is not large enough, though it is a very critical quality factor. Therefore, a number of techniques have been developed for enhancing the InIm viewing angle with various additional hardware components [11] . Hence, it is very important to define an appropriate lower bound for the viewing angle and strictly design the system accordingly. For simplicity, we define the viewing angle parameter Ω as follows:
where θ is the viewing angle of the system. In our discussion, only the virtual mode of the InIm scheme, in which the central depth plane is located behind the lenslet array, is considered. Figure 3 shows the parameters defined for further discussions. To utilize the virtual mode of the InIm system, the lateral pixel pitch of the integrated image, P I , should be smaller than the pitch of each lenslet of the lenslet array, φ, as described in [10] . However, this point should be revisited because a lateral resolution perceived by an observer is assessed by angular resolution (cycles per degree). A more exact restriction on the lateral resolution can be found by considering human visual acuity. The required lateral resolution of the display device, defined as cycles per degree (or lines per degree), is well established in the conventional two-dimensional (2D) display device. For a given angular resolution requirement, say m lines per degree (lpd), the lateral pixel pitch of the integrated image, P I , is limited by the inequality
where D is the distance between the observer and the lenslet array, and L the distance between the central depth plane and the lenslet array, (see Fig. 4 ); Otherwise, this inequality can be rewritten using the pixel pitch of the display device, p, as follows:
considering that Ω φ∕g and P I pL∕g. Equation (3) can be rewritten by imposing an upper bound on L as follows:
and this inequality is valid only when
where p lpd is the required pixel pitch subject to a given angular resolution requirement (m lpd) for the case where the observer is located at the position of the lenslet array. The perceived angular resolution increases as the observer goes farther from the lenslet array; therefore, if p ≤ p lpd , the constraints given by Eq. (2) will always hold; therefore Eq. (4) is meaningless. Equation (4) shows the upper bound of L has a dependence on φ as well as p. However, a large φ value cannot be freely determined to give proper depth information to the observer. To provide an accurate depth cue to the observer, the images shown to the left and right eyes of an observer should be independent of each other and not cause cross talk in disparity information as shown in Fig. 5 . On the basis of Eq. (9) in [12] , the size of φ should be limited by an inequality: 
where d e is the distance between the eyes of the observer, to avoid the cross talk in the disparity information. From Eq. (6), though the upper bound of φ varies according to the values of L and D, φ cannot be larger than d e for any case. It is well known that the distance between human eyes is around 65 mm; this means that φ cannot be larger than 65 mm. Hence, the upper bound of L is mainly affected by p under the condition of Eq. (6). The longitudinal quantization step (or depth resolution) of the system should also be taken into account to assess its performance as a 3D display device. Following a similar analysis shown in [4] , the minimum resolvable depth around the central depth plane of the displayed integrated image can be estimated. It can be easily calculated by finding the perceived depth when the left and right eyes of an observer focus on different adjacent pixels on the central depth plane as shown in Fig. 6 . Accordingly, the calculated minimum resolvable depths in front of and behind the central depth plane are
respectively. The system's design is expected to have a longitudinal resolution, determined by Eq. (7), which is higher than the depth discrimination of the HVS. The minimum resolvable longitudinal distance for humans is related to various factors and deducing an accurate expression is difficult. We will consider a relatively loose condition for the longitudinal resolving power of the HVS based on the perceived disparity. As shown in Fig. 7 , the longitudinal resolving power around the central depth plane is determined by the range in which the disparity information is confused by the restriction in human visual acuity. Hence, δ b should be restricted by the inequality
From this relationship, the upper bound of L can be calculated as follows:
Of course, the actual upper bound of L should be much smaller than that in Eq. (9) because we used the loose requirement. However, Eq. (9) can be useful for investigating the tendencies of the upper bound of L according to various parameters. Other than the limitation related to human depth discrimination, L is also restricted by a finite range of voxels created by the InIm system. It was determined that the locations of the available voxels, which are determined by points where at least two different rays cross, are limited inside a certain range owing to the finite pixel pitch of the display panel [8] . Such a range is bounded by Ng, where N is the number of pixels per lenslet of the lenslet array, and g is the gap between the lenslet array and the display panel.
The voxels exist at the farthest (L Ng) distance from the lenslet array, meaning that the InIm cannot display a 3D image over this distance. However, considering 
This limitation can be rewritten as follows:
Combining Eqs. (4), (9), and (11), the limitation becomes
where minA; B; C means the minimum value of A, B, and C. Figure 8 shows the simulation results demonstrating the way in which the upper bound of L is affected by p, Ω, and m. The angular resolution of the displayed image, m, is a subjective parameter that varies according to the acceptable visual quality decision. The widely accepted standard in the 2D display industry claims that 60 lpd is enough to satisfy human visual acuity [13] . However, it is common to regard a much lower visual quality as acceptable for a 3D display system, considering the present status of display devices. Our group often uses a lenslet array with a pitch of 1 mm for the InIm focal mode for research purposes [14] . From a distance of about 600 mm, which corresponds to about 10 lpd, the display quality is such that simple symbols are recognizable. Considering that our goal is to implement HMD, for calculation, D and Ω are set to 100 mm and 0.2, respectively, and the required φ is assumed to be 2 mm. As shown in Fig. 8(a) , the upper bound for 30 lpd and 60 lpd is mostly ruled by depth discrimination, which is explained by Eq. (9). However, the upper bound for 10 lpd is ruled by the existence of voxels when p is smaller than around 18 μm. Considering an angular resolution of 10 lpd, we can see that the 3D image can be displayed at 1000 mm behind the lenslet array for p < 18 μm. However, an angular resolution of 30 lpd requires p to be smaller than 6 μm, which nearly approaches the current best spatial light modulator based on liquid crystals [15] and 60 lpd requires a much smaller pixel pitch, even for displaying 3D images at a distance of 1000 mm. Hence, it can be said that displaying 3D images of 60 lpd at farther than 1000 mm still needs further development. Figure 8(b) shows the dependence of the upper bound on the viewing angle of the system. As expected, the viewing angle has a tradeoff relationship with the upper bound of the central depth plane. The viewing angle used for Fig. 8(a) corresponds to approximately 11.4°. Hence, a greatly reduced pixel pitch is required for enlarging the viewing angle.
Integral Floating Display Using a Convex Half Mirror
Integral floating display is a 3D display technique that combines an InIm scheme and a floating technique. Previous research has demonstrated that an integral floating system can show more advantageous features than an InIm system, owing to an additional convex lens [16, 17] . The additional convex lens results in a wider viewing angle and a larger depth expression in the integral floating system. Moreover, the appearance of borders from the lenslets of the lenslet array can also be eliminated. Adopting a concave lens instead of a convex lens for the floating scheme is more beneficial for displaying a longdistance 3D image. As conceptually depicted in Fig. 2 , the concave floating lens images the lenslet array and the elemental image with a magnification factor less than one, i.e., the lateral size is reduced; this is unlike the conventional integral floating system with a convex floating lens. The entire system can be interpreted as an InIm system composed of the effective lenslet array and elemental images that are images of the actual lenslet array and elemental images transformed by the concave floating lens. With a simple calculation, the effective parameters of the effective lenslet array and elemental image are p e 1 G∕F g∕F 1 p;
This means that the effective InIm system is composed of an elemental image with a pixel pitch, which is the fundamental source of the 3D image quality, reduced by the factor of (G∕F g∕F 1). As discussed in Section 2, the effective system is capable of displaying a more distant 3D image because the upper limit of the location of the central depth plane can be increased according to the ratio G∕F. The effective InIm system can be designed to have a viewing angle parameter Ω and a lenslet pitch φ o by adopting a lenslet array with the following parameters:
where the approximation holds for the sufficiently far location of the central depth plane. Hence, for the case where the integrated image is displayed at a far distance, the viewing angle of the lenslet array adopted for the system can be estimated as
Equation (15) shows that the appropriate lenslet array for the system should have a much narrower viewing angle than the required value. The lenslet array that can be used for the system is generally useless by itself because of the narrow viewing angle. Hence, it is usually not commercially available and customization is needed. Nonetheless, the physical implementation of our system is guaranteed because the narrow viewing angle corresponds to a larger radius of curvature of each lenslet. Figure 9 shows how much the proposed system can enhance the upper bound of the central depth plane according to the adopted concave lens. The pixel pitch of the display device is set to 0.1 mm for the simulation. The effective lenslet pitch and the viewing angle parameter Ω must be 2 mm and 0.33, respectively. L is the upper bound of the proposed system and L o is the upper bound of the ordinary InIm system satisfying the same lenslet pitch and viewing angle. As G becomes larger, the upper bound of L is further extended because of the increased reduction factor of the pixel pitch of the display device. However, a larger G means that the adopted display device has a larger lateral size for displaying images of the same size. Hence, the ratio between G and F should be determined by considering the volume of the implemented system and the system becomes more efficient as F becomes smaller. However, the smaller F value usually causes lens distortion and severely affects the quality of the displayed image. Hence, the values of F and G should be carefully designed by considering various factors.
The proposed integral floating system should have the ability to mix a real-world scene with a displayed 3D image in order to be used as an AR system. The easiest way to achieve such a mixture is to adopt a half mirror between the observer and the proposed system. However, an optical system adopting a half mirror always suffers from a large implementation volume, which makes it inadequate for HMD application. Instead of using the simple flat half mirror, the volume of the system can be reduced by applying the concept of a convex half mirror that combines the functions of a convex mirror and a half mirror. The concept of the convex half mirror, which is an optical component that functions as a convex mirror for the reflected light only, was proposed in our previous works [18, 19] . Considering the implementation, the convex half mirror should have a structure whose external shape is a transparent plate with a thin convex half mirror embedded, as shown in Fig. 1 , which depicts the concept of the HMD system based on the integral floating scheme implemented by a convex half mirror. Though a similar scheme was presented, the previous research focused on the implementation of an integral floating display with a convex lens [20] .
A convex half-mirror fabrication process similar to the processes proposed in our previous research [ 18, 19] can be established. Actually, it is a simpler process because the target structure includes only one convex mirror, unlike the target of previous research involving an array of mirrors. Hence, the complicated index matching process presented in the previous research does not need to be incorporated. Figure 10 shows the fabrication process for implementing the convex half mirror prototype. It starts with the preparation of the convex lens for the base structure that will determine the shape of convex mirror in the completed convex half mirror. As the first step, a transreflective layer is formed on the prepared convex lens. A thin metallic layer formed by the deposition of Al is usually used for the transreflective layer. For the second step, the resultant structure of the first step is covered with a concave lens corresponding to the negative mask of the base structure. Though the pair of convex and concave lenses that can implement the prototype is easily available commercially, customization might be needed to obtain a certain specific convex mirror focal length.
Experimental Results
A preliminary experiment was performed to show the feasibility of our proposed scheme, which uses a concave lens for an integral floating system to display 3D images that are located a great distance from the observer. As we stated in the previous section, a lenslet array adequate for our scheme is generally not available as a readymade product because of an extremely small viewing angle. Instead, an experiment was performed with an ordinary lenslet array to prove the validity of our method for interpreting the proposed system as an effective InIm system. The system was configured as shown in Fig. 1 . The detailed system specifications are listed in Table 1 . Figure 11 shows a series of camera-captured integrated images displayed by a proposed integral floating system with a concave lens. The considerably enhanced fundamental capability gained by the effectively reduced pixel pitch is used for enlarging the viewing angle because an ordinary lenslet array was adopted. As shown in Table 1 , the upper bound of L calculated by Eq. (12) is around 40 mm. However, the range in which voxels exist extends to around 300 mm, according to Eq. (11) . InIm images with L varying from 40 to 300 mm were When L 300 mm, the quality of the displayed integrated image is degraded to a level where the shape is not easily recognized, although the voxel still exists at that distance because the angular resolution of the displayed image reaches the limit determined by human visual acuity. The distortion of the lenslet of the lenslet array is another reason for the degraded image quality. Hence, the experimental results reveal the following: (1) the upper bound of L determined by Eq. (12) provides a good guideline for displaying an integrated image with an acceptable visual quality, (2) the interpretation of our proposed method, which considers the system to be an effective InIm system, explains well the investigated experimental results. The adoption of a convex half mirror for HMD application was proposed in Section 3. A prototype convex half mirror (shown in Fig. 12 ) was implemented using the fabrication process shown in Fig. 10 . The convex lens used for the prototype has a focal length of 100 mm and a pitch of 50 mm. The transreflective layer was formed by Al deposition and the thickness was controlled to make the reflectance 50%. The focal length is shortened to about −25 mm when the optical concave lens function is provided by the transreflective convex mirror [21] . It is difficult to secure a sufficient optical path length when implementing the system because of the short focal length. Hence, a convex lens with a much larger focal length is required for the base structure when fabricating a convex half mirror for the actual product. The see-through characteristic of the convex half mirror and the feasibility of an integral floating scheme that adopts a convex half mirror instead of a concave lens are shown in experiments using our prototype. Figure 13 shows the camera-captured images of experimental results with the lenslet array and display device listed in Table 1 . The real object that is located behind the convex half mirror is shown directly to the observer because of the see-through characteristic of the convex half mirror. The convex half mirror also displays the integrated image according to the principle of the integral floating system with a concave lens. A ghost artifact appears because of reflection at the convex half-mirror surface. It might be possible to avoid such artifacts by using an antireflective coating on the surface. The proposed system cannot implement real-world scene occlusions, like many other see-through displays. The real-world scene will dominate over the integrated image when the brightness of the real-world scene is significant compared to the integrated image. Hence, the brightness of the integrated image should be sufficiently high to suppress perception of the overlapped real world scene.
Conclusion
In this article, we have proposed a novel integral floating scheme that adopts a concave lens instead of a convex lens. As discussed, the proposed system can be interpreted as an effective InIm system in which all of the system specifications have been changed. The pixel pitch of the display panel is reduced and is helpful in extending the upper bound of the location of the central depth plane, as explained in the previous sections. However, a lenslet array with an extraordinarily small viewing angle should be adopted in order to obtain a meaningful viewing angle and lenslet pitch when it is Fig. 13 . (Color online) Camera-captured images of integrated image "N" displayed by the integral floating system adopting a convex half mirror. L was set to 30 mm. Real objects "S" and "U," which are printed on pieces of paper, were located for disparity comparison. "U" is located at the same distance as "N," while "S" is 30 mm behind "N" and "U."
transformed to an effective InIm system. Such a lenslet array is usually not commercially available because, by itself, it is useless. Fortunately, a lenslet array with a smaller viewing angle is physically realizable. Hence, it is possible to customize the lenslet array for the intended specifications. We have also demonstrated that the optical see-through HMD, which is capable of displaying a 3D image with a proper accommodation cue, can be implemented by adopting a convex half mirror for our proposed integral floating scheme. Actually, the focal length of the convex lens prepared for the base structure of the convex half mirror must be sufficiently long to secure a sufficient optical path length. The feasibility of our proposed system was verified with a prototype implemented using the commercially available lenslet array, convex lens, and concave lens. An actual system capable of providing 3D images with a see-through property at far distances is expected to be implemented using the customized optical components.
